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@BAC@DAC@ EGFIHKJMLBNPORQSFTJUQWVXF
Y[Z]\_^a`cbd\Uegfihi`cf6jkh.h/lCm]nM\ofihi`cf6jkh>mp`cbafiq.rsjkbtlCnM`puvbafih.eWw nM\MhGlpxMyMz/`phG{|nM}~bsjkh.�7�i�7hGe�}�bd�7z6m�`ph�{�n�w h/j�jkh.h6m�{�nU}�j�be�}k��}klph�hi\_e�hinM��yMq/��}�lpxMyMzi`�h/l[q/^�bdnM�S�Y[�Pnghi\Ufi�a`�ha��nM\g^a`cbd\�etf6h/`�fij�h�h�lXm�nM\_fihi`cf6jkh�lpnM`)j�b7lCxMyUzi`�h�b��|bd\|m�j�h��7�i�7h.f6h/\|mp`�h�{|nTw hijkjkhYD�angh/\��U\T�Mj�w }�\|mph/`�lph/f6mp}k�a\e�h.f6himCmph.lpxMyMz/`ph>b���h/f]mp�anMm�xMjkba\�x�bal�lpba\�m)xUba`)lC��\fihi\|mp`�ha�

x
O

Z�\g^�`�ba\Uetfihi`cf6jkh�h�lXm�jkh�xMjknUl)^a`cbd\�e�fihi`cf6jkh�{|nMh>j�w ��\�xUnM}kl�lphPm�`�b�f6h/`�r�j�b7lCnU`Cuvb�f6h>eWw nM\Mh.lpxMyMzi`�ha�

@BAC@DA�� �gL<JMLBVCVC��VXF����� ¢¡TJU£COP£XF�NP�¤FW¥§¦>¨©VCF��«ªD¡�¬DªDJML<¦PP£C®�¯�F��
° w nM\_e�h�l)^a`cbd\UeUl)f6hi`cf6jkh/l~±X��nMh>nM\_`�²ajkh�xUbd`pmp}�f6nMjk}khi`.³M}kj�x�bd`pm�bd^�hPj�bs´�hi`�`ph�hi\_j�w yMqi�7}�lCxMyUzi`�h.µ��a`ce�h6m]j�w yUqi�7}¶YlpxMyMzi`�h.·�nUe?³M��\�j�w baxMx	hijkj�h>j�w ¸¹{�n�bºmph/nM`��´��an�m�fihi`cf6jkh7mp`cbafiq»lCnM`GjkbolpxMyMz/`phshim�{|nM}¹lphsm�`p��nM�ahseMba\Ul.nM\«xUjkba\«xUbd`cbdjkj�z/j�hsr_fihijknM}¹{|nM}[f6�a\|m�}�h/\�m�j�w q/{|nUbdmphinU`l/w baxMx�h/j�jkh�nM\gxUbd`cbdjkjkzijkha�Z�\Uh[lpxMyMz/`ph[x��|lplpz/eMh¹e�h/n��.x�²�j�h�l~^aqi��^a`cbdxMyU}k{|nMh�li�ilp}�mpnMq�l~r 90o e�h�lC��\Gq�{�n�bºmph/nM`���e�h[xUba`Cm~h6mDeWw bdn�m�`ph[e�h[fihijknM}�Y¼fi}	³}kjT�tb�nM\gx�²�j�h.µ]�a`ce¾½vx���}�\|m]µ�¿[h6m�nM\gx	²ajkh>·�nUe¤½Àx	�a}k\�mP·U¿Á�° bte�`p��}¶m�hG{|nM}~xUbal�lChGxUbd`�jkh/lPx	²ajkh/l�h�lXm�jkb»x�h/`px	hi\UeM}kfinMjkba}�`�hGban_xMjkba\oq/{|nUbdmp��`p}�bdj�{|nM}~xUb�lplph>xUbd`Pj�h�f6h/\�m�`ph�e�h.j�b´�hi`�`ph�³M�a\j�w baxMx�h/j�jkh.Â)��h.e�h�l�x�²�j�h�li�° h�l)e�hi�7}�Y¼fihi`cf6jkh/l©mp`cbafiq/l�lCnU`[j�b7lCxUyMzi`�h�{|nM}W��\|m�x	�anU`[hi��mp`�qi�7}¶m�q/l�jkh/l)e�h/n��tx	²ajkh/l�lp�a\|m�e�h/l[�7qi`�}keM}�h/\Ul�³Mf6h>lp�a\|me�h�lB�7�a}�mp}kq/lBe�h�^�`�ba\UeMl<f6h/`�fij�h�li� ° w nU\7eTw h/n��W�af6h/j�nM}�{�nU}MxUbal�lph[x�bd`©Ã�`�hihi\�Ä)}�fcy½vxM`�z/lDe�h ° �a\UeM`ph�l<hi\sÂ�\M^�j�himph/`p`�h�¿6�lphi`pm)eTw ��`p}k^a}k\Mh7³Mfdw h/lCm�jkb��7qi`�}�e�}�h/\�Å/qi`��g³M}�jTfi�anMx	h>j�w q�{�n�bºmph/nM`)hi\nM\gx	�a}k\�mPÃ��
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E,F�GDH5IJF�KMLNH

M ODPRQTS E PVUWUXPRY/P H U FZG8[ PRY G U G\L^]+_ U K O K P La`NG8K	b�F�G8I PRQdc _e`NG S H P G U5P L^G8L^IJF�KMLZH E f,Q2c S L\g QMP
(GOE) PeY H S I8I P�Q _ Q F�L\g�KhHWG ODP5O GiIJF�KMLNH M j bkFZ]+I8HW_ P IJF Y KlHXKh[ P ] P LNH�[ PVUXY"Qdc m	Y HenJo$L QhP L8F�H PVUXS λ

n
p PeY�Q FZL8g�KhHWG ODPVY�Y F�LNH0bkFZ]+I U K Y/PeY�P LNH UXP 0o P H 360o j b PeY�ODP GDq P q%H UXr ] PeY,UXP I U _ Y/P LZH S LNH QhP ] r ] P ]s_ U K O K P L�F U KMg�KML P n

G
H

S

N

O

M

E

θ

ϕ 

λ

p c S L\g QMP (EOM) PeY H S I8I PVQ _ PtQMS HWKhHWG ODP�O GuIJF�KMLNH
M P HvL8F�HW_ P ϕ

n	w%K
M PVY H O\S L YsQdc x _�]sK Y I x8yVUWP�z F U{O=j�P�QMQhP

PVY H�b�F�]sIDHW_ P I|F Y KhHWKM[ P ] P LNH P H�F�L^I S�UWQMPRODPRQTS HXKlHXG ODP}z F U{O�~�Y KML8FZL j F�L^I S�UXQhPVUXStODPRQTS HXKlHXG ODP wDG O�P H P�QMQhPRYWP�U{SbkFZ]sIDHW_ P L8_�g S HXKh[ P ] P LNHVnZp PVY0QMS HWKhHWG ODPeY [ S�U K P LNH P LNH UXP −90o S GvIJ� QMP w%G OsP H +90 S G+IJ� QMP�z F U{O�P LvI S�YXYXS LNH0I S�U
0o P L�HXF�GDH�IJF�KMLNH ODP�Q2c _V`NG S H P G U np c S L\g QMP (NOM) P LNH UWPsQTS�O K UXP bkHWKMF�L O G�I|� QhPRz F U{O�P H QMPv� _�L\KlH xu�2O K UWP b�HWKMF�L ODPvQTS [ PVU HXKMb S�QMPsSZY b P L O\S LNH P��$O GIJF�KMLZH

M PVY H S I8I P�Q _�b�F QTS HXKlHXG ODP0~ K Q,PVY H$_�g S�Q�S G�bkFZ]+I Q _V] P LNH S K UXP�ODP5QTSvQTS HWKhHWG ODP}f F�L QMP L8F�H P�U{S θ = 90o − ϕ
n

p S b�F QTS HWKhHWG ODP [ S�U K P�ODP 0o j\S GiI|� QhP5z F U{O=j8� 180o j8S GiIJ� QMP w%G O=j\P LtI S�YXYXS LNH�I S�U 90o ��Qdc _V`NG S H P G U n
-�./-0.�� �u��7W��9�6

p c S�� Kh]�GDH PVY H Qdc S L8g QMPsx F U K � F�LNH S�Q�� b c PeY HW� � � O K UXPsO\S L Y�QMP I QTS L�H S L8g P LNH �tQMS�Y I x8yVUWPRS G�IJF�KMLNH M ��P LNH UWPsQTS
O K UWP b�HXKhFZL O=c G8L�FZ�D� P H P H"G8L P�O K UWP b�HXKhFZL ODP�U _���_ UXP L\b P n m Lig�_�F O _ Y K P�j b P H/H P$U _k��_ UWP L\b P$PVY H QMP L\F U{O g�_VF�g U{S I x KM`NG P np c S�� Kh]�GDH PeY H�] PVY G U _ ODP I8G8K Y�QMP L8F U{OtP L ODP g U _ O8S L Y�QhP�Y/P L Y�U _kH U F�g UXSZODPs��YWP L Y$ODPVY�S KhgZG8K QhQMPVY�O�c G8L P ]sF�LNH UXPe��f
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bd}k\Ulp}Wj�w ¸©lCm�h/lCm]bdn 90o �Mjkh.lCnUebdn 180o h6m)j�w �PnUh/lCm]bdn 270o �
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@BAC@DA.7 8�£C��¥�L<NPQSF:9W¡�N]£ ¥M]L<VCF
° b>eM}klCm�ba\Uf6h)Å/qi\M}�mpyUbaj�h�eTw nM\Uh]e�}k`ph�fÁmp}k�a\7h/\snM\sx���}�\|m¹eM�a\M\Mq)h�lXm¹j�w bd\M^�j�h)e�hPf6h6mpmph]eM}�`�h/f6mp}k�a\sb��ah�f¹j�b��ah/`Cm�}kf/bdjkhjk��f/bdjkha�<;Pw h/lCm�bd}k\UlC}�{�nUh�j�b7f6��jkbdmp}�mpnUe�h>h�lXm)j�b7e�}klCm�ba\Uf6h>Å/qi\M}�mpy�bdjkh�eMnx	²ajkh.µ���`�eT�

,.-�= >@?A?>9CBD?0E4E4F)3)8:8T=HGDF�9CI6571�3)8
Â)��\»e�h�`�hix	qi`�hi`©e�h]�7ba\M}kzi`�h�fibd`pmpq�lC}khi\U\Mh)j�h�lBx	�a}k\�mcl©e�h]jkb.lpxMyMz/`ph�eMh�`�b����a\ r ��xM`�hi\U�a\UlBnU\s`ph/x�z/`ph�eWw �a`�}k^a}k\Mh

O ��eTw bd��h>e�h�l�b�J�lpfi}kl�lCh�l�jkb7e�`��a}�mph OG �	eWw bd��h�eMh/l)��`�e���\M\Mq/h/l�j�b�eM`p��}¶m�h»½ OH ¿Á�	eWw bº��h>e�h/l�fi�dm�h/l�j�bse�`p��}¶m�h ON ��6K O h/lCm�jkh.f6hi\|m�`ph.e�h>j�bslpxMyMzi`�ha� G jkh.x���}�\|m]e�n_�7q/`p}�e�}khi\gÅiq/`p�s{|nM}�lph�mp`��anM��h>r7j�w q/{|nUbdmphinU`�h6m H jkh.x���}�\|m]e�hj�w q�{�n�bºmph/nM`�e�h>jk�a\M^�}¶m�nUe�h 90o �<;¹h/l]bº��h/l�lp�a\|m)�a`�}�h/\�m�q/l)e�h�m�hijkj�h.lp�a`pmph>{|nMh7³
G b�x	�anU`�f6���a`ce��a\U\Mqih�l (r, 0, 0)
H b7x���nM`�f6���a`ce���\M\Mqih�l (0, r, 0)
N b7x���nM`�f6���a`ce���\M\Mqih�l (0, 0, r)L �anM`~�6JMmphi\U}�`<jkh/l~f6���a`ce��a\U\Mqih�l�eWw nM\�x���}�\|m M r�j�bPlpnM`puvbafih¹eWw nM\Mh�lCxUyMzi`�h¹e�h[`cb��a�a\ r �df6��\M\Uba}kl�lpba\|m�lpbPf6��jkbdmp}�mpnUe�hh6m�lpbjk�a\M^�}¶m�nUe�ha���a\«xM`��d±XhimCmph7jkh»x	�a}k\�m&M lpnM`.jkhsxMj�bd\ GOH xUba`�baj�jkzijkhi�7hi\|m.r ON ³T��\?�NJ�mp}khi\|mGjkhsx	�a}k\�m Lmph/jD{|nMh OL = r sin θ �~�P\?xM`��d±Xh6mpmph�hi\UlpnM}�mphsjkh7x���}�\|m ° lCnM`>j�w bº��h OG �6JMmphi\�bd\|m�nU\?x	�a}k\|m I e�h»f6���a`ce���\M\Mqih
(r sin θ cosλ, 0, 0) ��h6mGjkh»x	�a}k\�m L lpnM`.j�w bº��h OH �6J�m�hi\Uba\|mGj�htx���}�\|m J e�htf6����`�e���\M\Mq/h/l (0, r sin θ sin λ) ��¸D\xM`��d±XhimCm�ba\|m~jkh�x���}�\|m M lpnM`<j�w bº��h ON xUba`�baj�jkzijkhi�7hi\|mBbdn�xMjkba\ (GOH) �d��\G�NJ�mp}khi\|mBnM\�x���}�\|m K eMh�fi���a`ce��a\M\Uqih/l
(0, 0, r cos θ) �

H

S

N

O

M

I J

K

G
L

° w b�J�lpfi}kl�lCh�e�h I ��j�w �a`ce��a\M\Uqih»e�h J him�j�b fi�dmph�e�h K lC��\�m�`ph�lCx	h/f6mp}k�ahi�7h/\�m�j�w b�JUl�f6}�l�lCh���j�w ��`�e���\M\Mq/h»h6m�j�bofi�dmphe�ngx	�a}k\�m M ���P\gb7e��a\�f
OM = [x, y, z] avec x = r sin θ cosλ; y = r sin θ sin λ; z = r cos θ ½POa�QO�¿



� �������	��
��������	������	��
�����! "�$#"�$���%�&'����
����	����
(��)+*,��
° w�q�{|nUbºm�}���\?½ Oa�QO�¿¹x�h/n�mPlph�`pq�lC��nUe�`�hPh/\ r, θ, λ ³

r =
√

x2 + y2 + z2; θ = arctan

√

x2 + y2

z
; λ = arctan

y

x
½PO�� � ¿

avec 0 ≤ r ≤ ∞; 0 ≤ θ ≤ π; 0 ≤ λ ≤ 2π ½ Oa� Æ ¿
° b�`�h/lCmp`�}kf6mp}k�a\¤½PO�� Æ ¿¹b�lplpnM`�hPj�w nM\M}�f6}�mpq.e�h>j�b7f6�a`�`�h/lpx���\UeMbd\�f6h]h/\|mp`�h (x, y, z) him (r, θ, λ) �° h�l�hi\Ulphi�,JMj�h�l�eWwSq/{|nUbºm�}���\Ul7½PO��'O�¿���n ½PO�� � ¿]eMq6�U\M}�l�lCh/\�m�nM\¤fcyUbd\U^ahi�7h/\�m�e�h7f6���a`ce��a\U\Mqih�li� ° b�x��|lC}�mp}k�a\?eWw nM\x	�a}k\�m M x	hin�m¹�6mp`�h�lpx�q�f6}��Uq�lC��}¶mDx�bd` (x, y, z) lCh�lDf6����`�e���\M\Mq/h/lBfiba`Cm�q/lp}�h/\M\Mh�lBlC��}¶mDxUba` (r, θ, λ) lph/lDfi�|��`�eM�a\M\Mq/h/llpxMyMqi`�}�{�nUh/l/�
@BA��)AC@ �¾¬�¬DJUO]¬©N]N]¡TF�� ��¦��¡TJ�£C®�¯�F��§¬DJ�¥M�¬©ªD¬©N�LBVCF��
° h�l)lCnU`Cuvb�f6h/l r = cste ½vfi��{�nU}�jkj�h�¿Á� θ = cste ½ÀxUba`�baj�jkzijkh�¿©h6m λ = cste ½À�7qi`�}�e�}�h/\�¿�lph�fi�anMx	hi\|m�fcyUb�f6nM\Mh>e�h/n��r.e�h/n��slCnM}k�ºbd\|m¹e�h�l¹fi�anM`!J	h/lDbaxMx�h/j�q/h/l �!��+-�����2�1��+D3��!���*� �036� ��� ����3N���
�����2� � ° h/l¹f6��nM`�J	h/l©e�hPfi�|��`�eM�a\M\Mq/h/l r, θ, λlp�a\|m¹bd\�bdjk�a^anUh/l©ban��sbº��h/l¹e�hPfi�|��`�eM�a\M\Mq/h/l x, y, z eWw nM\»`�hix	zi`�h]`�h/fÁmcbd\M^�nMj�bd}k`ph�� ° h�l©lpnM`Cuvb�f6h�l©e�h�f6���a`ce��a\U\Mqih�lDlChf6��nMx	hi\|m�hi\�uÀ�a`��sbd\|m�e�h/l)ba\M^ajkh/l)e�`��a}�m�l�³�jkh.lp��lCmpz/�7h�eMh.f6���a`ce��a\U\Mqih�l[lpxMyMq/`p}�{|nMh/l[h�lXm���`Cm�yM�a^��a\Ubaj��

@BA��)A�� �¾F�Q	¥�F�¯�JU�§¯]N]£X¥�¡�� O�LBNP�§VXF������a¥��� ¢F�O�F QS¬�¬DJUO]¬©N]N]¡TF��§�|¦��¡TJU£p®�¯�F��
·���}¶m)j�b,J�balph�f/bd`pmpq�lC}khi\M\Uh���`Cm�yM�a\U�a`���q/hPe�h>��h/f6mphinU`�l�nM\U}¶mcbd}k`ph�l ex

� ey
h6m ez
�Â xUbd`pmp}k`)e�h/l���h/f6mphinU`�l[\M��`p�sbdnM�tbdn��tlpnM`puvbaf6h�l�e�h>f6���a`ce��a\U\Mqih�li���a\�x�h/n�m]e�qi�U\M}k`)nM\Mh JUbalph 3��*� � �$����+-����%*%Q� Er

�
Eθ
him Eλ

m�hijkj�h.{|nMh7³






Er = ∂
−−→
OM
∂r

Eθ = ∂
−−→
OM
∂θ

Eλ = ∂
−−→
OM
∂λ







;¹h6mpmph JUb�lCh�h�lXm)�a`pmpyU�a^a��\Ubdjkh��7ba}kl�\U�a\\M�a`��7qih7³	�P\\M�dm�h
hr =

√

Er.Er; hθ =
√

Eθ.Eθ; hλ =
√

Eλ.Eλ

° h�l){|nUbd\|mp}�mpq�l hr
� hθ
h6m hλ

liw bdxUx�h/j�jkhi\|m)j�h�l[uvbaf6mphinU`�l)e�h>xU`p��x���`Cm�}���\M\Ubdjk}�mpq�³
hr = 1; hθ = r; hλ = r sin θ

�P\x�h/n�m]e�q6��\M}�`]nM\Mh JUbalph�xMy���lC}�{|nMh��a`pmpyM��\M�a`��7qih�³






er = ∂
−−→
OM
∂r

eθ = 1
r

∂
−−→
OM
∂θ

eλ = 1
r sin θ

∂
−−→
OM
∂λ







½PO�� � ¿

�P\gb�baj���`�l�³

er =





sin θ cosλ

sin θ sinλ

cos θ





ex,ey ,ez

eθ =





cos θ cosλ

cos θ sin λ

− sin θ





ex,ey ,ez

eλ =





− sinλ

cosλ

0





ex,ey ,ez

½PO�� � ¿

@BA��)A
	 �_VC¡� ¢F�N¹¥��«O�ÀL<JUQ'FW¥ O�F��©¬©Vp¯] ¢F
·���}¶m.nM\¤x	�a}k\|m M ′ xM`���fcyUh7eMn«x���}�\|m&M e�h»f6����`�e���\M\Mq/h/l>fiba`Cm�q/lp}�h/\M\Mh�l [x + dx, y + dy, z + dz] h6mGlpxMyMq6Y`�}k{|nMh�l [r + dr, θ + dθ, λ + dλ] �MÂ]j���`�l[{|nMh�j�h�l©q/j�q/��h/\|m�l�e�h]jk�a\U^anMh/nM`�l[e�h −−−→MM ′ xM`��d±Xhimpq�l¹lpnM` ex, ey, ez

lphi`��a\|m
[dx, dy, dz] �Ufihin���xM`p�a±Xh6m�q/l)eMba\Ul�j�h�l)e�}k`ph�fÁmp}k�a\�l er, eθ, eλ

lphi`��a\|m dr, rdθ, r sin θdλ �
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e

e

x

ey

z

O

M

θ 

.
.
M 

,

λ

λ+dλ

λ

λ

�P\x�h/n�mPfibajkfinMjkhi`�j�w b�JSf6}�l�lCh>f6nU`p��}kj�}k^a\Mh ds2 =
−−−→
MM ′ ·

−−−→
MM ′ ³

ds2 = h2
rdr2 + h2

θdθ2 + h2
λdλ2 ⇒ ds2 = dr2 + r2dθ2 + r2 sin2 θdλ2 ½PO�� � ¿

° w qijkqi�7h/\�m]eMh����ajknM�7h�x���nM`)j�h.lp��lXm�zi�7h>e�h.f6����`�e���\M\Mq/h/l�lCxUyMqi`�}k{|nMh�l[h/lCm]e��a\M\Uq�x�bd`>³
dV = hrhθhλdrdθdλ ⇒ dV = r2 sin θdrdθdλ ½ Oa� � ¿

�������	��
�����
;[bdj�f6nUj�h/`)xUbd`�}k\�m�qi^�`�bdmp}k�a\T��j�b7lCnM`puvbafih�h6m)j�h>���ajknM�7h>eWw nU\Mh.lCxUyMzi`�h>e�h�`�b����a\ R �

@BA��)A�� �¤�LBN�ªDF� IF�N©¥KO�F QS¬�¬DJUO]¬©N]N]¡TF��
�P\tx	hinMm�hi��xM`p}k�7hi`�jkh/l�f6���a`ce���\M\Mqih�l©f/bd`pmpq/lp}khi\M\Mh�l [Ax, Ay, Az] eWw nM\�ah�fÁmph/nM` A ��hi\�uÀ�a\�fÁmp}k�a\e�h>lCh�l�f6���a`pYe���\M\Mqih�l)lCxUyMqi`�}k{|nMh�l [Ar, Aθ, Aλ] him��|}�f6hiY���hi`clpbt³

A = Axex + Ayey + Azez ⇒ A = Arer + Aθeθ + Aλeλ

�Pnhi\Ufi�a`�hPh/\}k\|mp`���e�nM}�lpba\�m)nM\Uh>�7bdmp`�}kfih�eMh>xUbal�lpba^ah�³




Ax

Ay

Az



 =





sin θ cosλ cos θ cosλ − sin λ

sin θ sin λ cos θ sinλ cosλ

cos θ − sin θ 0









Ar

Aθ

Aλ



 ½PO�� �|¿

�Pn




Ar

Aθ

Aλ



 =





sin θ cosλ sin θ sinλ cos θ

cos θ cosλ cos θ sin λ − sin θ

− sinλ cosλ 0









Ax

Ay

Az



 ½PO�� �|¿
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@BA��)A.7 ���)FTJUQW£pQSF��
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·���}¶m�nM\gh/j�jk}klpx	�a}�e�h.e�h>`�qi�a��j�nMmp}k�a\T�Me�h.eMhi�7}¶Y¼^a`cbd\�e�bd��h a himPe�h.e�h/�7}Tx�himp}�mCY bº��h c ��·MbslCnM`puvbafih�h/lCm]e�q/fi`p}�mphs�hi\_f/bd`pmpq/lp}khi\M\Mh�li��xUba`)j�w q/{|nUbdmp}k�a\?³
x2

a2
+

y2

a2
+

z2

c2
= 1

¸©fi`p}k`ph)fih6mCm�h�lCnU`Cuvb�f6h�hi\�n�mp}kjk}kl�bd\|mDjkh/lBf6����`�e���\M\Mq/h/l<lCxUyMqi`�}k{|nMh�li���P\�h6��xM`�}k��h/`�bPjkh)`�b����a\ r f6�����7h�nM\Mh�uÀ��\UfÁm�}���\e�h θ � λ �	�P\\M�amph a−c
a = α j�w bdxMj�bºm�}kl�lphi�7hi\|m�e�h�j�w hijkjk}�xUlp�a}�e�h��

�������	��
������

·���}¶m�nM\Uh�`��dmcbºm�}���\bd��}�bdjkha��e�h>��}�mph�lplph>bd\M^�nMjkba}�`�h Ω = [0, 0, Ω] �¸©fi`p}k`ph�j�h��ah�fÁmph/nM`��|}�mph�lplph v = Ω ∧ r hi\¾fi���a`ce��a\M\Uqih/l]fibd`pmpq�lC}khi\U\Mh/l]h6m�hi\¾fi���a`ce��a\M\Uqih/l]lCxMyUqi`�}k{|nMh�li���]q/`p}��Uhi`b��ah�f]jkh/l�`�hij�bºm�}���\Ul>½PO�� �|¿¹h6mG½PO�� �|¿Á�
,.-	� 
?9 I��0?0E4?� F���9CI63%8T=HGDF�9CI65713
@BA
	)AC@ H#JMLBN]O�QSFTJUQWVXF
� ·�nM`)nM\Mh.lpxMyMz/`ph>e�h�`cb��a��\ R ��nM\g^a`cbd\Ue�f6h/`�fij�h�h/lCm�nM\_f6h/`�fij�h�e�h>`cb��a��\ R e���\�m)jkh.f6h/\�m�`ph�h�lXm�f6h/j�nU}�e�h�jkblCxMyUzi`�h�½vh6�¾³Uj�h�l���q/`p}�e�}khi\Ul)lp�a\|m�e�h�l)^a`cbd\UeUl[fihi`cf6jkh/lc¿
� ·�nM`�jkb�lCxMyUzi`�ha�Uj�b������������ 
���� � �an � �"!$# ��� � ��% 
�� ½Àjkh�xMjknUl�f6��nM`Cm�fcyMhi�7}k\ eWw nM\ x	�a}k\|m�rtnM\ ban�mp`�h�¿�h/lCmnM\�^�`�ba\Uef6hi`cf6jkh

@BA
	)A�� EGF ¥�J�£XLBN�ª©VCF'�|¦P]¡TJU£p®[¯]F
Z�\m�`p}�bd\M^�j�h�lpxMyMqi`�}�{�nUh�h�lXm�jk}k��}�mpq>x�bd`�e�h�l)bd`cfil�e�h>^a`cbd\�eMl�f6hi`cf6jkh/l/�

A

B

b

a

c

C
90 90

� j�h�l)f6²dm�q/l>½ a, b, c ¿[eWw nM\mp`�}�bd\M^�j�h>lpxMyMqi`�}�{�nUh�l/w h6��xM`�}��7hi\|m)hi\nM\M}�mpq�eWw ba\M^ajkha�
� j�h�lTbd\M^�j�h�lTe�}kz/e�`�h/l©½ A, B, C ¿�e�h/lTxMjkba\Ul©½�{|nM}�e�qimph/`p�7}k\Mhi\|m�jkh/lW^�`�ba\UeMlTfihi`cf6jkh/lTeMhB`�b����a\�nM\M}�mpq�¿�liw h6��xM`�}k��h/\|mhi\nM\M}�mpq.eWw bd\M^�j�h��
�'& � %�( �)��� � ³Mjkb7lp�a�7�7h>e�h/l)ba\M^ajkh/l)eWw nM\mp`�}�bd\M^�j�h>lpxMyMqi`�}�{�nUh�e�}+*Szi`�h.e�h 180o �
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A
B

C
b

a

c

O
x

X

x
X

2

2

3

3

x1

X1

��������� �
	��������������	�������	���	����� ����	��!	"�#��	��!$&%'�)(��!*,+.-/�0���1���� �2��	3�5476 (8�1�:9�- 	

;�<>=?<5@:ACB�D�E�=F@GD�HIE�J,K1LNM�HOM2P
(O, x1, x2, x3)

HQ@
(O, x1X2, X3) R

;�<>S1LNM:M:HTD�H2U�V E1<�HXW U�V LYE�@:ACH2SZL[AGE�<�HTA:BY@CL[@:=?BY<
D"V1LY<�\YU?H

c
LYE�@:BNE�A D�H]U�V L[J�H

x1 R;�<^<�B[@CH
P
U_La`aL[@:AC=?bQH7D�H]S1LYMCM:LY\YHcD�H

(O, x1X2, X3) → (O, x1, x2, x3)
P

P =





1 0 0
0 cos c − sin c

0 sin c cos c





;�<dbQL[U_beE1UFHcU?HIM bQBY`aSZB5M:LY<5@:HIM�D�EdfNHIbg@CHQE�A −−→
OC

D�L[<ZM
(O, x1, x2, x3)

S1E�=?M�D�L[<1M
(O, X1X2, X3)

P

A
B

C
b

a

c

x

x

2

3

x1

O
180−B

−−→
OC(O,x1,x2,x3) =





sin a sin B

− sina cosB

cosa
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A
B

C
b

a

c

O

X

X

2

3

X1

A
−−→
OC(O,X1X2,X3) =





sin b sinA

sin b cosA

cos b





�P\gb7jkb�`�hij�bºmp}k�a\¾³
−−→
OC(O,x1,x2,x3) = P .

−−→
OC(O,X1X2,X3)

�P\�6J�m�}�h/\�m]baj���`�l[jkh.lC��lCmpz/��h7³






sin b sinA = sin a sinB

− sina cosB = − cos b sin c + sin b cos c cosA

cosa = cos b cos c + sin b sin c cosA

½POa�QO��|¿
� w �NK�jkh/l�uÀ��`p��nMjkh/l�³
����� (������ 
 � � � � � 
 � � �7³

sin a

sin A
=

sin b

sin B
=

sin c

sin C
½POa�QO6O�¿

��	 � � % � � � � ��
 ( � � �s³
cosa = cos b cos c + sin b sin c cosA ½PO��'O � ¿

��	 � � % � � � � � �� ������% � � ! � � � � � � � � ! 
�� �7³¸D\_f6�a�,JM}k\Ubd\|m)j�h�l�q/{|nUbdmp}k�a\Ul>½ O�¿¹h6mG½ Æ ¿�e�n_lp��m�zi�7h Oa�QO��U���a\�6J�m�}�h/\�m>³
sinA cotgB = cotgb sin c − cos c cosA ½PO��'O Æ ¿

@BA
	)A�� ���)F� ¢¦PVCF��
�������	��
������

�P\����e�q/j�}�lph�j�b7´�h/`p`�h�xUbd`)nU\Mh.lCxUyMzi`�h�eMh>`�b����a\ R = 6371 � �g�

60o
60o

Pole

90
o

M L

Parallele

Grand cercle

� S�Q bkG QhPVU ∆ QMSsQ F�L\g�G P G U�ODP�QMS gZ_�F O _ Y KT`ZG Ps� F�G P L\b�F UXP�QMSsO K Y H S L\b P F U H x F ODU F�]sKT`ZG Pe�	P LNH UXP M P H L
n

� S�Q bkG QhPVU δ QTSvO K Y H S L\b P�Y G U�QMP b P�U b QMP I S�U{S�QMQhyVQhP�P LNH UWP M P H L
n
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;[bdj�f6nUj�h/`[j�b7e�}�lXmcbd\Ufih>hi\|mp`�h L ba`p}�l[h6m M_�|lpfi�an

Paris :







latitude ϕo = 48o50′11.2”
longitude λo = 2o20′13.8” Moscou :







latitude ϕ1 = 55o45′39.4”
longitude λ1 = 37o39′53.1”

@BA
	)A.7 �_®�¯�L~¥M£X¬¹N O�v¯]N�¦>FT¥�£X¥§QSFTJUQWVCF ��¯�JKVXLI��¦���TJUF
·���}¶m�nM\¾x	h6m�}¶m>f6h/`�fij�h�f6h/\�m�`pq�hi\ P ½ve�h7f6��jkbdmp}�mpnUeMh θo

h6m>e�h�jk�a\U^a}�mpnUe�h λo
¿]h6m>eWw ba\M^ajkh α �WZ�\Mh7f6��nM`!J�h7lCnU`nM\Mh.lpxMyMz/`ph�nM\U}¶m�q.liw�q�f6`�}�`cbt³ f(θ, λ) = 0 �

P

θ

o

o

λ

N

M
x

θ
λ−oλ

oθ

xP α

Â�xUba`Cm�}�`)e�h>j�b�uÀ�a`��GnMjkh>e�hGÃ�bdnUl�l�x	�anM`)jkh�mp`�}kba\M^ajkh>lCxMyUqi`�}k{|nMhs½ NPM ¿6���a\�mp`��anM��h�j�w q/{|nUbdmp}k�a\�aqi`�}�uÀqih�xUbd`�jkh/lf6����`�e���\M\Mq/h/l�eWw nM\gx���}�\|m M baxMxUba`Cm�hi\Uba\�m)bdnx	h6mp}�mPfihi`cf6jkha�MeWw bd\M^�j�h α �Uf6h/\�m�`pq�h/\ P ³

cosα = cosθ cos θo + sin θ sin θo cos(λ − λo) ½POa�QO � ¿

@BA
	)A�� �_®�¯�L~¥M£X¬¹N O�v¯]N�ª©JMLBN]ORQSFTJUQWVCF ��¯]J VCL �|¦P���JMF
L �anM`�m�`p��nM�ah/`¹j�wMq�{�n�bºmp}k�a\geWw nM\g^a`cbd\Uef6h/`�fij�h�f6h/\|mp`�q�h/\ P (θo, λo) �M��\�uvba}¶m α = 90o eMbd\Ul>½ Oa�QO � ¿Á� � w �NK?³

cos(λ − λo) = −cotgθ cotgθo
½POa�QO � ¿

@BA
	)A�� EGL¢EG¬ �)¬)O�JU¬©  £XF
Z�\Uh�jk������eM`p����}kht½�e�n¾^�`ph�f.jk���T½À�|¿ Y[himPY e�`��a�7}kh�fi�anM`clChG�6JMjk}k{|nMh�¿�h�lXm>nM\Uh�fi�anM`!J�h�{|nM}Df6��nMx�h�jkh/lP��q/`p}�e�}khi\Ullp�anUlPnM\¾ba\M^ajkhGfi�a\UlCm�ba\�m��	Z]\Mh�`p��n�mph�j�������e�`��a�7}k{|nMhGh/lCm�`�hixM`�q/lphi\|m�qihGlpnM`�nM\Mh7fibd`pmphG�7ba`p}k\Mh��an¾baqi`��a\Uban�mp}�{|nMhhi\?xM`��d±Xh�fÁmp}k�a\¾e�h�Mohi`cfibºm��a`�xUbd`�nM\Uh�jk}�^�\Mhse�`��a}�mph��7ba}kl�\Mh�`�hixM`�q/lphi\|mph�xUbal�j�b�eM}klCm�ba\Uf6h�jkb�xMjknUl>f6��nM`pmph�hi\|mp`�he�h/n���x	�a}k\|m�l/��¸D\gh *Sh6m]j�b�`p��n�mph�j�b�xUj�nUl]f6�anU`Cm�hPh�lXm�j�b�`p��n�mph��a`pmpyU��eM`p����}�{|nMha�° b�`��an�m�h�j�������e�`��a�7}k{|nMh�h/lCm)nM\Mh>`��an�m�h���f/bdxgf6��\UlXmcbd\|m/�
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Loxodromie : route constante.
Trajectoire en spirale s'enroulant autour du pôle.

30
10

50
70

90

���)FTJUQW£CQSF

sinθ d λ

dθ
ds

V−

•
� ��� ( ! 
 � � � � ��( ��� � � � � ��% 
����
¸B��xM`�}��7hi` tan V h/\7uÀ�a\Uf6mp}k�a\se�h dθ � dλ him θ � � \|mpq/^a`�hi`Dfih6mCm�h�q/{|nUbdYmp}k�a\gx	�anM`�m�`p��nM�ah/`[j�w q/{|nUbºm�}���\eMh�j�b7jk������e�`��a�7}kha�

λ − λo = tan V log
(

tan
θ

2

)

• � � � � � ��� � ��� � � %�� �	��� ( � � � � � � ��� � ��% 
����
¸B��xM`�}��7h/`>j�w qijkqi�7hi\|mGe�hsjk�a\U^anMh/nM` ds h/\?uÀ�a\Uf6mp}k�a\¤e�h dθ � dλ h6m θ � � \|mpq/^a`�hi`�x	�anM`�m�`p��nM�ah/`�j�bj���\M^anUhinM`.eWw nM\�7�a`cf6h�bdn�eMh>j�������e�`��a�7}�h��
• ����� � 
�� ( ! 
 � �  fibajkfinMj�h/`>jkbge�}�lCm�bd\�f6h�hi\|mp`�h
	¹`�h/lCm>h6m>jkh �]qi\UqiÅinUhij�blpnM`�j�b�`��anMmph7j����Me�`��a�7}�{|nMhGxMnU}kl.lpnM`�j�b`��an�m�h���`Cm�yM��e�`��a�7}k{|nMh��

Brest :







colatitude θo = 42o

longitude λo = −4o

Venezuela :







colatitude θ1 = 75o

longitude λ1 = −60o

@BA
	)A�� �¾JM¬�|F�Q	¥M£C¬©N�� FTJUQSL~¥�¬DJ
L `��d±Xh�fÁmp}k�a\lCnU`)nM\_f6��j�}k\Ue�`�h�m�ba\M^ah/\�m�r7j�w q�{|nUbºm�hinM`)r7j�b�lpxMyMz/`ph7³YD�7qi`�}keM}�h/\Ul>³�jk}�^�\Mh/l)e�`��a}�mph�l�xUbd`cbdjkjkzijkh/l[q/{|nM}�e�}�lXmcbd\|mph�lYDxUba`�baj�jkzijkh/l�³Mjk}�^�\Mh/l)eM`p��}¶m�h/l�xUba`�baj�jkzijkh/l[\M��\�q�{�nU}ke�}�lCm�bd\|m�h

y = k log[tan(
Π

4
+

ϕ

2
)]

�6K y h�lXm)�7h/lpnM`�q�hi\_f6� e�hixMnU}kl�j�w q�{|nUbºm�hinM`)him ϕ h/lCm�jkb�j�bºm�}¶m�nUe�ha�
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@BA��]AC@ �_VC¡� ¢F�N¹¥��«O]F�ªD¡T¬)O�¡���£CF  ¢L~¥M�¡� ¢L~¥M£C®�¯�F��

° h�lBxM`�hi�7}kzi`�h/lD}k\Ue�}�fibdmp}k�a\Ul©{�nUh]j�b.´�h/`p`�h�eMba\Ul©lp�a\sh/\UlCh/�&JMjkh�h�lXm©jkqi^�zi`�hi�7hi\|mDh/j�jk}�x�lC����eMbaj�h��alp�a\|m¹r>j�b�uÀ�a}�l©eMh\UbdmpnM`�h)hi�7xM}k`p}�{|nMh)h6m[e�h�\UbdmpnM`�h�mpyMq/�a`�}k{|nMh�him¹eMbºm�hi\|m¹e�nHO � lC}kz/fij�h.½v�6JUlphi`��ºbºmp}k�a\7e�h�j�w bdxMj�bºm�}kl�lCh/�7hi\|m©e�h���nMxM}�mphi`xUba`�;[bal�lC}k\M}Wh6m�m�`�b��ºbdnM��e�h���nM��^�yMhi\Ul�h6m�µ�h/Ä�mp�a\_lpnM`)j�b�x	h/l�bd\|m�hinM`Á¿Á��P\7x�h/n�m[baj���`�l<`�hixU`pq�lCh/\�m�hi`<\M�amp`�h)xMjkba\Mz6m�h�xUba`DnM\shijkjk}�xUlp���¼e�h)e�h�`�qi���ajkn�mp}k�a\�xUba`D`�baxMx	�a`pm©r>lC��\7bd��h�e�h)`p�am�bdmp}k�a\½À\U�dmpq Oz ¿Á�

x
O AF

B
M 

,

M

x

x

z

� ¯�F�Vp®�¯�F�� O�¡���N]£ ¥M£C¬©N]�
° w hijkjk}�xUlp���¼e�h>lph�eMq/e�nM}�m]eWw nM\_f6h/`�fij�h��Me�}¶m]fihi`cf6jkh�xM`p}k\Ufi}�xUbaj���x�bd`)nM\Mh.b��s\M}¶m�q�xUbd`cbdjkj�z/j�h>r Oz ³

M ′P

MP
=

a

b

b��ah�f OA = a jkh.e�hi�7}�Y�^�`�ba\Uetbd��h�him OB = b j�h>e�h/�7}¶Y¼x�himp}�mPbº��h�� a = 6378136 � h6m b = 6356751 �g�·���}¶m F j�h�uÀ�º��hi`)e�h>j�w h/j�jk}�x�lC����e�h����P\�\U�dmph/`�b c jkb7e�}�lXmcbd\Ufih c = OF m�hijkj�h.{|nMh c =
√

a2 − b2 �
�P\gbdxMx	hijkj�h>j�w h6�Mf6h/\�m�`p}�f6}�mpq e = c

a
mph/j�jkh.{|nMh e2 = a2

−b2

a2
�

�P\gbdxMx	hijkj�h.baxMj�bºmp}�l�lCh/��h/\|m�^�qi����qimp`�}k{|nMh�jkh�`cbdxUx���`Cm α = a−b
a
�

¸D\«fcyUb�f6nM\¤e�h/l�x	�a}k\|m�l.eMh�j�b_lpnM`Cuvb�f6h7e�hsj�w h/j�jk}�x�lC����e�h7��\¾x	hin�m>m�`�b�f6h/`>nM\Mhs\M��`p�sbdjkh��7bdmpyMq/�sbºmp}�{|nMhg³Thijkjkh`�hi\Ufi�a\|mp`�h)xUbd`[bd}kj�jkhinU`�l©j�w bº��h]e�hP`pq/�a��j�n�m�}���\T��·�}	xUba`©h6��m�hi\Ulp}���\T�a��\»bal�lC}k�7}�jkh]fih6mCm�h]\M��`p�sbaj�h]r.jkb>��hi`pmp}�fibaj�h]eTw nM\Uh´�hi`�`ph¹}ke�q�bdjkh©him<j�w bº��h¹e�h[`�qi�a��j�nMmp}k�a\Gr]j�w bº��h¹eMn��7�a\�e�ha���a\Gx���nM`p`cb�x�bd`�j�h/`�e�h[jkbdmp}�mpnUeMh�eTw nM\�x���}�\|mBe�h[jkb�lCnU`Cuvb�f6h]³f6h�lphi`cb�j�w bd\U^ajkh�eMh)jkb�\M��`p�sbaj�h�hi\sfih)x���}�\|m©b��ah�f[jkb>e�}k`�h/fÁm�}���\�eMnsxMjkba\7q/{|nUbºm��a`�}kbaj�� ° h)xMjkba\7��q/`p}�e�}khi\slphi`cb�eMq6�U\M}xUba`<fih6mpmph)\M��`p�sbdjkh[h6mBj�w bº��h)e�n��7�a\Ue�h�� ° b�\M�amp}k�a\�eTw baÅi}k�Gn�mBh6m©eMh�eM}klCm�ba\Uf6h�Åiq/\M}�mpyUbaj�h)lph[^�qi\Mq/`�baj�}�lph©qi^|bdjkhi�7hi\|m��
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�P\ge�q6��\M}¶m]eM} *Sqi`�hi\|mph�l)j�bºmp}�mpn�e�h/l�³
• (ex, n) = Ψ j�bºmp}�mpn�e�h>^aq/��eMq/lp}k{|nMh
• (ex, OM) = ϕ j�bºm�}¶m�nUe�h>^�qi��f6h/\�m�`p}�{|nMh
• (ex, OM ′) = u jkbdmp}�mpnUe�h>`�q/eMnM}¶m�h

@BA��]A�� ���)FTJUQW£pQSF
O�Y©¸©fi`p}k`ph�jkh/l�`�hij�bºm�}���\Ul[hi\|mp`�h tan u � tan Ψ � tan ϕ � a him b �

� Y��P\x�h/n�m��7�a\|mp`�hi`�{|nMh��MlC} tan y = p tanx �M�a\gbg³

x − y =

∞
∑

n=1

(

−1
)n+1 qn

n
sin 2nx avec q =

1 − p

1 + p
< 1

½��P\ uÀ�a`��7hGj�bt{|nUbd\|m�}¶m�q tan(x − y) �	�a\ h/\ e�q�e�nM}�m e2i(x−y) xMnU}klP�a\ uvbd}�m�nM\¾e�qi��hijk�axMx	hi�7hi\|m�j�}k�7}¶m�q�eMn jk�a^�bdY`�}¶m�yM�7h.e�h>f6h6mpmph.e�h/`p\U}�z/`ph�h6��xM`�h/l�lp}���\�¿Á�¸D\oe�q�e�nM}k`phGj�w h6��xM`�h/l�lC}k�a\ge�h.j�b7j�bºmp}�mpn�e�h.^aq/��f6hi\|m�`p}�{|nMh ϕ him]`�q/e�nM}�mph u hi\uÀ�a\�fÁmp}k�a\oeMh.jkb7j�bºm�}¶m�nUe�h.^�qi��e�q�lC}�{|nMh
Ψ �MbdngxM`�hi�7}khi`��a`ce�`�h�hi\ α �Â�xUxMj�}�fibdmp}k�a\g\�nM�7qi`�}k{|nMh7³Mr L bd`�}�li� Ψ = 48o50′11, 2” �
Æ Y M_��\�m�`ph/`){�nUh cos2 u =

cos2 Ψ

1 − e2 sin2 Ψ
him sin2 u =

(1 − e2) sin2 Ψ

1 − e2 sin2 Ψ
�

¸D\_e�q�e�nM}k`ph>j�w q�{|nUbºm�}���\e�h�j�w h/j�jk}kxUlC����eMh�³

r = a

√

1 + (e4 − 2e2) sin2 Ψ
√

1− e2 sin2 Ψ

Â�xUxMj�}�fibdmp}k�a\g\�nM�7qi`�}k{|nMh7³Mf/bdj�f6nMjkhi`)j�b7e�}klCm�ba\Uf6h>e�h L ba`p}�l)bdngf6h/\�m�`ph>e�h>j�b7´�h/`p`�ha�
� Y©¸©fi`p}k`ph�j�w q�{|nUbºm�}���\e�h�j�w h/j�jk}kxUlC����eMh�h/\_f6���a`ce��a\U\Mqih�l©x	�aj�bd}k`ph�l>½À}�� h��Mj�bºmp}�mpn�e�h>^aq/��fihi\|mp`�}�{�nUh�¿Á�
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� Y M_��\�m�`ph/`){�nUh�j�w qijkqi�7hi\|m]e�h>jk�a\M^�nMhinU` ds =
√

dx2 + dz2 lCnU`)nM\g��q/`p}�e�}khi\gliw h/fi`p}�m>³
ds = a

1 − e2

(1 − e2 sin2 Ψ)3/2
dΨ
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Â)��\ e�htmphi`��7}�\Uhi`�jkbo{|nMh/`ph/j�jkh�lpnM`�j�w bdxUjkbdmp}�lplphi�7hi\|m�eMhtj�b ´�hi`�`pht{|nM}�e�nM`cb eMh�O � �dÆ r O � Æ � �Tj�w Â)fibaeMqi�7}�he�h/l·�fi}�h/\Uf6h�l)e�h L bd`�}kl���`p^|bd\M}�lpb�e�hinM���7}kl�lp}���\Ul)bº�U\ge�h>�7h/lpnM`�hi`�nM\_e�h/^a`�q�eMh>��q/`p}�e�}khi\?³Mj�w nM\Uh.bdngµ��a`ce¤½veMba\Ul�jkh^a��j¶uÀh>e�h 	[�amp\M}kh�¿6��j�w bdn�m�`ph>ban L q/`p��nT�° b�xM`�hi�7}kzi`�h�h6��x�q�e�}�mp}k�a\g�6J�m�}�\|m)nM\_e�h/^a`�q�eMh��7q/`p}�e�}khi\_e�h ��� � Æ �Gmp��}klph/l)r�j�b�jkbdmp}�mpnUe�h>�7�º��hi\M\Mh�e�h 66o20′ �° b7lph/fi�a\Ue�h�xM`���e�nM}�m�e�h/l)`�q/lpnMj�m�bdm�l)bal�lphiÅ�e�}klpx	hi`clCq�li�Me�h>�7�º��hi\M\Mh � � ��� � mp��}klph/l)r�j�b7jkbdmp}�mpnUeMh.e�h −1o30′ �
;[bdj�f6nUj�h/`)j�w bdxMj�bºm�}kl�lphi�7hi\|m[mphi`�`�h/lCmp`�h��NJ�mph/\�nr�j�w q/x���{|nMha�
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